We provide strong numerical evidence for a new no-scalar-hair theorem for black holes in general relativity, which rules out spherical scalar hair of static four dimensional black holes if the scalar field theory, when coupled to gravity, satisfies the Positive Energy Theorem. This sheds light on the no-scalar-hair conjecture for Calabi-Yau compactifications of string theory, where the effective potential typically has negative regions but where supersymmetry ensures the total energy is always positive. In theories where the scalar tends to a negative local maximum of the potential at infinity, we find the no-scalar-hair theorem holds provided the asymptotic conditions are invariant under the full anti-de Sitter symmetry group.
Introduction
Inspired by the uniqueness theorems for static [1] and stationary [2] asymptotically flat vacuum black holes in Einstein-Maxwell theory, Wheeler famously conjectured [3] that 'black holes have no hair' in more general (sensible) matter theories, in four dimensions. Following Wheeler's conjecture a number of rigorous no-hair theorems -which however are manifestly limited in scope -were established [4, 5, 6] . On the other hand, Wheeler's hypothesis was proven wrong in e.g. Einstein-Yang-Mills [7] and Einstein-Skyrme [8] theory, in various combinations with dilaton [10] or Higgs [9] fields. Some, but not all, of these hairy black holes are unstable. For gravity coupled to scalar fields, however, possibly in combination with Abelian gauge fields, a precise formulation of the no-hair conjecture has not yet been given. In this arena there still remains interesting ground to explore between several rigorous (but limited) no-hair theorems, and a number of explicit hairy black hole solutions which appear to disprove Wheeler's conjecture in its most general form.
The first no-scalar-hair theorems applied to the massless scalar [4] , and to the neutral scalar field with a monotonically increasing self-interacting potential [6] . They show there are no regular asymptotically flat spherical black hole solutions with scalar hair for minimally coupled scalar fields with convex potentials. These theorems were later generalized to the case of minimally coupled scalar fields with arbitrary positive potentials [11] , and also to scalar multiplets [12] and to nonminimally coupled scalars 1 [13] . Using similar techniques, it was shown more recently [18] there are no hairy asymptotically anti-de Sitter (AdS) black holes where the scalar field asymptotically tends to the global (negative) minimum of the potential.
Recent developments in string theory, however, indicate there is little or no justification to restrict attention to positive scalar potentials, or to asymptotic conditions defined with respect to the global minimum of the scalar potential. Potentials with a local negative maximum which fall off exponentially are familiar indeed in supersymmetric AdS compactifications. Similarly, a large class of supersymmetric string theory compactifications of the form M 4 × K, where M 4 is four dimensional Minkowski space and K is a Ricci flat, compact manifold admitting a covariantly constant spinor, give rise to effective four dimensional potentials with negative regions [19] . These include compactifications on all simply connected Calabi-Yau and G 2 manifolds. The underlying mathematical reason for this is that all simply connected compact manifolds of dimension five, six or seven admit Riemannian metrics with positive scalar curvature. From an effective four dimensional standpoint, positive scalar curvature on K acts as negative energy density 2 .
On the other hand, the Positive Energy Theorems (PET) ensure that the total ADM energy remains positive in supersymmetric string theory compactifications [20, 21] . This can be understood as a generalization of the well-known phenomenon that gravity can stabilize a false vacuum [22] . For Calabi-Yau compactifications, this means that the negative regions of the effective four dimensional potentials must be separated by a positive barrier from the local minimum at zero, which corresponds to a metric on K on the moduli space. In other words the metrics with positive scalar curvature on K lie a finite distance away from the moduli space of Ricci flat metrics. The PET ensures that in all (nonsingular) asymptotically flat solutions, the positive energy density of the barrier 'screens' and cancels out any negative energy density of the central regions of solutions, rendering the total energy positive.
It is therefore natural to ask whether the no-scalar-hair conjecture holds in supersymmetric string theory compactifications. To gain some insight in this problem we examine here the no-hair conjecture for gravity coupled to scalar field theories with potentials that are qualitatively similar to those that arise in string theory compactifications. It is widely believed that spherical asymptotically flat black holes with scalar hair generally exist when the scalar potential has negative regions 3 . This is due, in part, to the proliferation in recent years of neutral [24, 25] (and charged [26] ) asymptotically AdS black hole solutions with scalar hair, where the scalar asymptotically tends to a local negative extremum of the potential. When this is a maximum (which we assume satisfies the Breitenlohner-Freedman (BF) bound [27] )) the scalar generically decays slower than usual. Nevertheless, it has been verified that some of the asymptotic black hole solutions preserve the full AdS symmetry, and that the conserved charges associated with the asymptotic symmetries are well-defined and finite [25, 28] .
However, a careful analysis of the scalar field theories that admit hairy black hole solutions reveals that none of them satisfies the PET. One finds that either the potential barrier around the local extremum is too low to compensate for all the negative energy density [23] , or that the (AdS) black holes obey unusual boundary conditions for which there are solutions 4 with negative total energy [24, 25] . Based on this and on extensive numerical evidence that we present below, we conjecture that there are no static asymptotically flat and asymptotically AdS black holes with spherical scalar hair if the scalar field theory, when coupled to gravity, satisfies the Positive Energy Theorem.
In other words we argue that, rather than the presence of a cosmological constant or the fact that the scalar potential has negative regions, the nonperturbative stability of the ground state is the only relevant feature of the theory that determines whether or not the no-scalarhair conjecture holds. This applies to all scalar potentials (bounded and unbounded) with a local minimum at zero, and to all potentials with a negative local extremum. When the latter is a local maximum at or slightly above the BF bound, however, one must require the asymptotic conditions are invariant under the full AdS symmetry group. Indeed, we show hairy black holes do exist in certain stable 'designer gravity' theories [29] , where one considers AdS gravity coupled to tachyonic scalars with boundary conditions that break some of the AdS symmetries.
A brief outline of this paper is as follows. In section 2, we consider gravity minimally coupled to a scalar field and we review what are the necessary and sufficient conditions on the scalar potential for the theory to satisfy the PET. This enables us in section 3 to construct a large class of 'critical potentials' which are on the verge of violating the PET. In section 4 we provide strong numerical evidence that scalar theories which are critical in this sense, also separate the set of theories where the no-scalar-hair theorem (and the PET) hold from those where it does not. These numerical calculations are performed for a wide range of theories, with asymptotically flat and with asymptotically AdS boundary conditions, which should be representative for all scalar field theories with asymptotic conditions specified with respect to a local (or global) minimum of V . In section 5 we extend these findings to scalar field theories where φ reaches a negative maximum of V at infinity (for all choices of AdSinvariant boundary conditions). We also study the no-hair conjecture in designer gravity theories, where the asymptotic conditions break the conformal symmetry. We find a branch of hairy black holes in a consistent truncation of N = 8 D = 4 gauged supergravity with boundary conditions for which the AdS/CFT duality [30] indicates the gravity theory should satisfy the PET. We conclude in section 6 with some comments on possible generalization of our results, and the significance of no-hair theorems in general. The details of the numerical calculations that support the extension of the no-scalar-hair conjecture to potentials with negative regions are given in Appendix A.
Positive Mass
We consider gravity in d ≥ 4 spacetime dimensions minimally coupled to a scalar field with potential V (φ). So the action is
where we have set 8πG = 1. We require the potential can be written as
for some function P (φ). Scalar potentials of this form arise in the context of N = 1 supergravity coupled to N = 1 matter, in which case P (φ) is the superpotential. We are interested in configurations where φ asymptotically approaches a local extremum of P at φ = φ 0 . An extremum of P is always an extremum of V , and V (φ 0 ) ≤ 0. Hence configurations where φ → φ 0 at infinity correspond to asymptotically flat or asymptotically anti-de Sitter (AdS) solutions.
At an extremum of P one has
so a local extremum of P corresponds to a minimum of V except when 0
This is a quadratic equation for P ′′ , which has a real solution if and only if
where l 2 is the AdS radius. Hence we recover the BF bound m 2
on the scalar mass, which is required for AdS solutions to be perturbatively stable.
By generalizing Witten's spinorial proof of the Positive Energy Theorem (PET) for asymptotically flat spacetimes [20] , Townsend has shown [31] (see also [21] ) that for the case of a single scalar field a potential V (φ) admits a PET if and only if V can be written in terms of a 'superpotential' P (φ), and φ asymptotically decays (sufficiently fast 5 ) to an extremum of P .
The argument in [31] obviously concerns the positivity properties of the energy as defined by the spinor charge 6 Q ∂t = * B (2.5) 5 Requiring φ approaches an extremum of P at infinity uniquely specifies the asymptotic behavior of the fields, except when φ0 corresponds to a negative local maximum of V . In this case φ generically decays as a combination of two modes. The PET [31] holds, in general, only for scalar boundary conditions that select the mode with the faster fall-off [33] . This is what we mean here by decaying 'sufficiently fast'. The connection between the PET and the validity of the no-hair theorem for different choices of scalar boundary conditions is analysed in section 5. 6 Townsend's theorem also establishes the positivity of the conserved energy associated with the Hamiltonian generator H ∂t , because this equals the spinor charge when φ → φ0 sufficiently fast.
where the integrand is the dual of the Nester 2-form, with components
ψ is taken to be an asymptotically supercovariantly constant spinor field and
with P (φ) given by (2.2) . This definition of the covariant derivative enabled [31] to express the spinor charge (2.5) as a manifestly non-negative quantity, provided ψ satisfies the spatial Dirac equation γ i D i ψ = 0. In the context of N = 1 supergravity P is the superpotential, but the argument of [31] applies to any gravity scalar theory, irrespective of whether it is a sector of a supergravity theory.
Critical Potentials
Townsend's result [31] implies that all potentials that are on the verge of violating the PET must correspond to functions V that are on the boundary of when one can solve (2.2) for P . This provides a clear criterion for a potential to be critical in this sense, which can be expressed as a local analytic condition on P as follows. First consider potentials with a local extremum at φ 0 where V ≤ 0 and V ′′ ≥ m 2 BF , and with a global minimum at φ = 0. An example is shown in Figure 1 . To construct P we try to solve
A solution to (3.1) exists unless the quantity inside the square root becomes negative. As we integrate out from φ 0 , P is increasing and the square root remains real because the scalar satisfies the BF bound. Hence if the global minimum at φ = 0 is not very much lower than the local extremum at φ 0 , a global solution for P will exist and P ′ (0) > 0. This is expected, since the PET holds for potentials of this form. If the global minimum is too deep, however, the quantity under the square root will become negative before the global minimum is reached, and a real solution will not exist. Clearly the critical potential corresponds to one where V + (d − 1)P 2 just vanishes as the global minimum is reached. In other words, the condition 7 for a potential V to be on the verge of violating the PET is simply P ′ (0) = 0. This applies to all critical potentials that are bounded from below, since every potential for which the theory (2.1) satisfies the PET is of the form (2.2) for some P . This yields a simple prescription for constructing critical potentials. As an illustration, consider potentials of the following form in four dimensions,
where A and B are free parameters. For combinations (A, B) in region III and IV in Figure  2 , these are qualitatively similar to the potential shown in Figure 1 . That is, V has a local minimum at φ 0 < 0 where V ≤ 0, and a global minimum at φ = 0. For combinations (A, B) in region II one has V > 0 at φ 0 , and in region I there is no local extremum at φ 0 at all. Finally, for combinations of parameters in region V one has V (φ 0 ) < V (0).
We have numerically solved (3.1) for a range of parameters, tuning the combination (A, B) such that P ′ (0) = 0. This yields a one-parameter family of critical potentials 8 , given by the function B c (A) that separates region III from region IV in Figure 2 . Potentials in region III do not satisfy the PET for solutions where φ → φ 0 at infinity, whereas potentials in region IV do admit the PET for these asymptotic conditions. The critical potential shown above in Figure 1 corresponds to the marked point at A = 80 on B c . Potentials where V (φ 0 ) = 0 are represented by the function B f (A) in Figure 2 . This function joins 9 B c at (A, B) = (57.6, 10.8718), which thus yields a potential that is on the verge of violating the PET with asymptotically flat boundary conditons φ → φ 0 .
We have not been able to find a simple local condition on P which characterizes critical potentials that are unbounded from below 10 , but one can still solve (3.1) to generate numerically a large set of (approximately) critical potentials of this type. As before, Townsend's result implies that all unbounded potentials V which are on the verge of violating the PET can be constructed this way.
Consider e.g. the following class of potentials,
8 A similar class of critical potentials exists in region V for configurations where asymptotically φ → 0. 9 The dashed continuation of Bc toward smaller values of A represents theories where V (φ0) = 0, which are critical only in the sense that they separate potentials with an unstable de Sitter false vacuum at φ0 (in region II) from potentials with a stable AdS false vacuum (in region IV). 10 This would necessarily involve the shape of V at large φ [19] . where Λ ≤ 0 is a cosmological constant, and C controls the height h = 4/27C 2 of the barrier around the local minimum at φ = 0. One can solve (3.1) for P , starting with P ′ = 0 at φ = 0 and tuning (Λ, C) so that a global solution P (φ) just exists. This yields a class of critical potentials, where the barrier around the local minimum at φ = 0 is just high enough to ensure all configurations where φ → 0 at infinity have positive total mass. These critical theories can be specified by a function h c (Λ), which we plot in Figure 3 . The critical potential for Λ = 0 is shown in Figure 4 .
Black Holes with Scalar Hair
We now turn to the no-scalar-hair conjecture that we have proposed, which states that in theories of gravity coupled to a single scalar with potential V , the PET holds if (and only if) the theory admits no regular static black hole solutions with spherical scalar hair. Writing the metric for static spherical solutions in d spacetime dimensions as
the Einstein equations read
At the event horizon R e one has h = 0. Regularity at R e requires
where φ e ≡ φ(R e ). Rescaling t shifts χ by a constant, so its value at the event horizon is arbitrary. Asymptotically we require φ tends (sufficiently fast) to an extremum of V at φ 0 , with V (φ 0 ) ≤ 0. So the metric function h can be written as
where l 2 is the AdS radius when V (φ 0 ) < 0. Substituting this form of h in the field equations allows us to integrate (4.3), which yields the following expression for the mass 11 (2.5),
where Vol(S d−2 ) is the volume of a unit (d − 2)-sphere, and
We emphasize that regular spherical black hole solutions with scalar hair would be specified by a single charge. The existence of spherical hairy black holes with positive mass would therefore provide a genuine counterexample to the no-scalar-hair theorem that we propose, because there would be a vacuum Schwarschild (or Schwarschild-AdS) black hole with φ(r) = φ 0 everywhere and with the same mass. One can verify whether black holes with scalar hair exist in a given theory by numerically integrating (4.2)-(4.4) outward from the horizon for a range of R e and φ e , and see if there exists a combination (R e , φ e ) for which φ → φ 0 at infinity. We have done this analysis for theories of the form (3.2) and (3.3), where φ 0 corresponds to a local minimum of V . In particular, we have integrated the field equations for several one-parameter families of potentials, labeled by λ, that are represented by functions B λ (A) (in Fig. 2 ) and h λ (Λ) (in Fig. 3 ) that intersect the curves B c and h c of critical potentials at λ = 0. In other words, the scalar field theories represented by B λ and h λ admit the PET for, say λ ≥ 0, whereas for λ < 0 the PET does not hold. In Appendix A we show that for all functions B λ (A) and h λ (Λ) of this form, λ < 0 if and only if there exists (precisely one) value φ e = φ 0 (for each horizon size R e ) for which the scalar profile obeys the prescribed asymptotic conditions. Regular black hole solutions with scalar hair cease to exist when λ → −0, either because φ e reaches the global minimum in this limit or because φ e → ∞ (for all R e ). We refer the reader to Appendix A for the details of these numerical calculations.
Since potentials of this form should be representative for all (single) scalar field theories with asymptotic conditions specified with respect to a local (or global) minimum of V , this strongly indicates that the no-scalar-hair theorem holds in theories that satisfy the PET, and it shows that black holes with scalar hair exist if V does not admit the PET. We emphasize that our analysis includes bounded and unbounded potentials, with asymptotically flat as well as with asymptotically AdS boundary conditions. In the next section we argue these findings extend to all scalar field theories where φ reaches a negative maximum of V at infinity, provided the asymptotic conditions preserve the full AdS symmetry group.
Designer Gravity
When φ 0 corresponds to a negative local maximum of V , requiring φ → φ 0 at infinity does not uniquely specify its asymptotic profile. This is already evident from the linearized wave equation ∇ 2 δφ − m 2 δφ = 0 for tachyonic scalars in an AdS background. Solutions with harmonic time dependence e −iωt decay asymptotically as 12
where α and β are functions of t and the angles and
For scalar masses in the following range
both modes are normalizable, and hence represent a priori physically acceptable fluctuations.
To have a well-defined theory one must specify boundary conditions at spacelike infinity. In general this amounts to choosing a functional relation between α and β in (5.1). The standard choice of boundary condition, for which Townsend's Positive Energy Theorem applies, corresponds to taking α = 0. When one takes in account the self-interaction of the scalar field, as well as its backreaction on the geometry, one finds this is consistent with the usual set of asymptotic conditions on the metric components that is left invariant under SO(d − 1, 2) [35] .
To get an idea whether the no-scalar-hair conjecture that we have proposed extends to theories of this form we consider the following class of potentials in four dimensions, where D is a free parameter. The scalar generically decays as φ ∼ α/r + β/r 2 at infinity. Solving (3.1) for a range of D reveals that the PET holds for α = 0 boundary conditions provided D < 3/4. In Appendix A we show that this parameter regime coincides precisely with the regime where there exists no finite (nonzero) value of the scalar field at the horizon for which the asymptotic 1/r mode is switched off completely. Instead, for all φ e the scalar asymptotically behaves as a combination of the two modes. By contrast, when D > 3/4 there is always one value φ e for which asymptotically φ ∼ 1/r 2 . Hence it appears that at least with standard boundary conditions on tachyonic scalars in AdS, which select the mode with the faster fall-off, the PET forbids spherical scalar hair of black holes 13 . What is, however, the status of the no-scalar-hair theorem for different scalar boundary conditions, defined by α = 0 and β = β(α)? The backreaction of the α-branch of the scalar field (as well as its self-interaction) modify the asymptotic behavior of the gravitational fields, but it has recently been shown that the Hamiltonian generators of the asymptotic symmetries remain well-defined and finite when α = 0 [25, 28, 29] . The generators acquire, however, an explicit contribution from the scalar field. In particular, the conserved mass H[∂ t ] of spherical solutions is given by
where M 0 is the coefficient of the 1/r d+1 term in the asymptotic expansion of g rr , and where we have defined the function
which defines the choice of boundary conditions. These so-called 'designer gravity' boundary conditions (5.6) generally break the AdS symmetry to ℜ × SO(d − 1), since the asymptotic scalar profile changes under the action of ξ r . The full AdS symmetry group is preserved, however, for asymptotic conditions defined by
where k is an arbitrary constant without variation 14 . The dynamical properties of the theory -including the possible formation of hairy black holes -depend significantly on the choice of W . Townsend's Positive Energy Theorem [31] need not hold with designer gravity boundary conditions [33] , but the AdS/CFT correspondence indicates there is a lower bound on the conserved energy in those designer (super)gravity theories that, for W = 0, admit a dual description in terms of a supersymmetric conformal field theory (CFT). In the context of the AdS/CFT correspondence, adopting more general scalar boundary conditions defined by a function W = 0 corresponds to adding a potential 13 The analysis in [33] of spherical soliton solutions in a wide range of models where φ0 corresponds to a maximum of V provides further support for the validity of the no-hair conjecture proposed here.
14 The function W that specifies AdS-invariant boundary conditions is more complicated at certain discrete values of the scalar mass [28] .
term W (O) to the dual CFT action, where O is the field theory operator that is dual to the bulk scalar [36, 37] . Certain deformations W give rise to field theories with additional, possibly metastable vacua. The AdS/CFT correspondence asserts that the expectation values O in different field theory vacua can be obtained from regular static solitons in the bulk. The precise correspondence between solitons and field theory vacua is given by the following function [29] ,
where β s (α) is obtained from the asymptotic scalar profile of soliton solutions for different values of φ at the origin. It has been shown [29] that for any W the location of the extrema of V yield the vacuum expectation values O = α, and that the value of V at each extremum yields the energy of the corresponding soliton. Hence V(α) can be interpreted as an effective potential for O . This led [29] to conjecture that (a) there is a lower bound on the gravitational energy in those designer gravity theories where V(α) is bounded from below, and that (b) the solutions locally minimizing the energy are given by the spherically symmetric, static soliton configurations found in [29] . It would follow in particular that the true vacuum of the theory is given by the lowest energy spherical soliton. For V(α) ≥ 0 everywhere one recovers the usual positivity properties of the energy, with perfect AdS as the ground state of the theory.
Here we are concerned with the connection between the nonperturbative stability of designer gravity theories and the validity of the no-scalar-hair theorem. Hairy black holes have been found in designer gravity [24, 25, 26] , for AdS-invariant boundary conditions (5.7) as well as for other choices of W (α). In all known examples, however, the boundary conditions render the usual AdS vacuum unstable. This suggests that the PET excludes spherical scalar hair in designer gravity, in line with our results for standard α = 0 boundary conditions. We now show, however, that the situation in designer gravity is slightly more subtle.
Consider gravity minimally coupled to a single scalar with potential
This is a consistent truncation of N = 8 supergravity in four dimensions, which arises as the low energy limit of M theory compactified on S 7 . The potential has a maximum at φ = 0 corresponding to an AdS 4 solution with unit radius. It is unbounded from below, but small fluctuations have m 2 = −2, which is slightly above the BF bound in d = 4. Hence in all asymptotically AdS solutions φ decays at large radius as
where r is an asymptotic area coordinate, and β(α) in designer gravity. Writing the metric as g µν =ḡ µν + h µν whereḡ µν is the metric of perfect AdS spacetime, the corresponding asymptotic behavior of the metric components is given by , given by the dotted line, intersects the curves β Re (α) twice for small R e . The right panel shows the mass of the hairy black holes that obey these boundary conditions. The full line gives the masses of the second (perturbatively stable) branch of solutions, which are associated with the second intersection point of the curves β Re (α) with β bc (α), and hence have more hair.
To find hairy black hole solutions we numerically integrate the field equations (4.2)-(4.4) for static spherical solutions outward from the horizon. The scalar asymptotically behaves as (5.10), so we obtain a point in the (α, β) plane for each combination (R e , φ e ). Repeating for all φ e gives a curve β Re (α). In Figure 5 (a) we show this curve for hairy black holes of two different sizes. As one increases R e , the curve decreases faster and reaches larger (negative) values of β. We also show the curve obtained in a similar way for regular solitons, which were discussed in [29] . Finally, the dotted line corresponds to the boundary condition curve (5.12).
Given a choice of boundary conditions β(α), the allowed black hole solutions are simply given by the points where the black hole curves intersect the boundary condition curve: β Re (α) = β(α). It follows immediately that for designer gravity boundary conditions (5.12) there are two hairy black holes of a given horizon size if R e is sufficiently small. On the other hand, it is clear there are no large hairy black holes with these boundary conditions. The mass (5.13) of both branches of solutions is plotted in Figure 5 (b) . One sees all hairy black holes have positive mass, and in fact they are always more massive than a Schwarschild-AdS black hole of the same size. The hairy black holes provide a genuine example of black hole non-uniqueness, since for a given mass M (below a critical value) there are three distinct black hole solutions.
From the soliton curve β s (α) one can compute the 'effective potential' (5.8) for the vacuum expectation values O , for any W . The result for boundary conditions (5.12) is plotted in Figure 6 . One sees that V ≥ 0 everywhere. The AdS/CFT correspondence suggests, therefore, that the bulk theory (5.9) with boundary conditions (5.6) satisfies the PET, and hence that empty AdS remains the true ground state 15 . The black hole solutions given here are, to our knowledge, the first examples of regular spherical black holes with scalar hair in a theory of gravity coupled to a single scalar field for which the PET should hold. We emphasize again, however, that the asymptotic solutions are not invariant under the full AdS symmetry group. Figure 6 shows that V has three extrema; a global minimum at α = 0 and two extrema at α = 0 where V > 0. Hence the dual field theory has three different vacua, and one can consider excitations about each. The usual Schwarschild-AdS black holes correspond to typical excitations of mass M about the α = 0 vacuum. On the other hand, the hairy black holes are interpreted in the dual theory as thermal excitations about the metastable vacua with O = 0 [29] . In particular, the top branch of hairy black holes in Figure 5 (b) corresponds to excitations about the local maximum of V, whereas the bottom branch corresponds to excitations about the local (metastable) minimum 16 . The dual field theory description of hairy black holes, therefore, nicely resolves the black hole non-uniqueness in 15 See [38] for a stability analysis of this theory (with more stringent conditions on W ) using purely gravitational arguments. 16 This interpretation is supported by the fact that the top branch has an unstable spherically symmetric scalar perturbation, whereas the bottom branch does not [29, 40] .
the bulk 17 . Each branch of hairy black holes, associated with excitations about a particular vacuum in the dual field theory, tends to a spherical static soliton solution φ s (r) in the limit R e → 0. One would expect, therefore, that the no-scalar-hair theorem should hold in all designer gravity theories which do not admit regular spherical solitons. It would be interesting, however, to be able to characterize designer gravity theories where the no-scalar-hair theorem holds purely in terms of properties of the scalar potential.
The connection between the validity of the no-hair conjecture and the absence of spherical static scalar solitons also means that the PET does exclude spherical scalar hair for all AdSinvariant designer gravity boundary conditions (5.7). This is because if there exists a soliton φ s (r), then the conformally rescaled configurations φ λ (r) = φ s (λr) provide, for λ < 1/ √ d − 1, explicit examples of regular initial data with (arbitrary) negative mass [33, 39] . Together with the no-hair results for standard α = 0 boundary conditions, this shows that the PET forbids spherical hairy asymptotically AdS black hole solutions in all single scalar field theories where φ reaches a maximum of V at infinity.
Conclusion
We have formulated an extension of the no-scalar-hair theorem for black holes in general relativity, which rules out spherical scalar hair of static asymptotically flat and asymptotically AdS black holes if (and only if) the scalar field theory, when coupled to gravity, satisfies the Positive Energy Theorem. This clarifies the status of Wheeler's hypothesis that 'black holes have no hair' for e.g. Calabi-Yau compactifications of string theory, where the effective potential typically has negative regions but where supersymmetry ensures the PET holds.
The numerical results that we have presented here provide, we believe, strong support for the no-hair conjecture we propose. In particular, we have shown that potentials which are on the verge of violating the PET also separate the set of theories where the no-scalar-hair theorem (and the PET) holds from those where it does not. This applies to all bounded and unbounded scalar potentials with a local minimum at zero, as well as to all potentials with a negative local extremum. When the latter is a local maximum at or slightly above the BF bound, one can adopt a large class of different boundary conditions. Our calculations indicate that the PET excludes spherical scalar hair for all possible choices of AdS-invariant boundary conditions.
If the no-hair conjecture that we propose is proven correct this would mean that the no (spherical) scalar-hair theorem holds in all theories where it can reasonably be expected to hold, and where it is meaningful to even think about it in the first place. Indeed, the significance of the no-hair theorems rests on the validity of the Cosmic Censorship hypoth-esis, and there is no Cosmic Censorship in theories that do not admit the Positive Energy Theorem [34, 32] . It is also worth noting that the no-hair conjecture we propose here places asymptotically flat spacetimes on equal footing with asymptotically AdS spacetimes 18 . Given the proliferation of hairy AdS black hole solutions in recent years, this comes as an appealing simplification.
We have concentrated on gravity minimally coupled to a single scalar field in four dimensions, but we believe our results -and hence the proposed extension of the no-scalar-hair conjecture -should generalize to scalar multiplets and to nonminimally coupled scalars, possibly in combination with Abelian gauge fields. In the case of a single scalar field it appears that the PET is a sufficient as well as a necessary condition for the no-hair theorem to hold. It would be interesting to see whether the conjecture generalizes in both ways to scalar multiplets, where there are potentials satisfying the PET that cannot be written in terms of a superpotential. One would expect there should be a strong connection between the PET and the no-scalar-hair theorem in higher dimensions too, perhaps with some restrictions on the horizon topology. It would also be interesting, of course, to prove the no-scalar-hair conjecture analytically. It seems, however, that none of the methods that have been successfully used to establish no-scalar-hair theorems for positive definite scalar potentials can readily be generalized to potentials with negative regions.
Finally we have shown that black holes with spherical scalar hair do exist in certain stable designer gravity theories where the boundary conditions on the tachyonic scalar break the asymptotic conformal symmetry. Some of these designer gravity theories have a dual description in terms of a field theory with one or several metastable vacua, and the hairy black holes have a dual interpretation as thermal excitations around one of these vacua. Furthermore, a metastable field theory vacuum itself corresponds to a nontrivial static spherical soliton solution on the gravity side. The fact that in designer gravity one captures the physics of a dual theory with multiple vacua distinguishes these boundary conditions from the usual asymptotically flat or AdS boundary conditions, and provides a qualitative explanation for why the PET does not go together with the no-scalar-hair theorem in designer gravity.
A. Numerical Results
In this Appendix we discuss in more detail the numerical calculations that support the conjecture that in theories of gravity coupled to a single scalar with potential V , the Positive Energy Theorem holds if and only if the theory admits no regular static black hole solutions with spherical scalar hair. We first consider asymptotically flat black holes, and then turn to potentials with a negative extremum.
A.1 Asymptotically Flat Black Holes
First consider potentials of the form
where A and B are free parameters. We concentrate on combinations (A, B) for which V has a local minimum at φ 0 where V = 0, and a global minimum at φ = 0. These potentials are represented by the function B f (A) that separates region II from region III in Figure 2 . For large values of A the theory does not satisfy the PET for configurations where asymptotically φ → φ 0 . The PET holds, however, for A ≤ A c = 57.6, where B f (A) joins the function B c (A) of critical potentials V c that are on the verge of violating the PET with asymptotically flat boundary conditions. In Figure 7 (left panel) we illustrate how the potential deforms when one decreases A from A ≈ 65 (dashed line) to its critical value (full line). The position of the local extremum at φ 0 increases for decreasing A to φ 0 (A c ) = 1.06 for the critical potential.
We have integrated the field equations (4.2)-(4.4) for static spherical solutions to see when theories on B f admit regular asymptotically flat black hole solutions with scalar hair. Starting at the horizon for a given radius R e , this amounts to verifying whether there exist a value φ e so that asymptotically φ → φ 0 . One then repeats this procedure for different values of R e , and finally for a range of A along B f . We illustrate the results of this analysis in Figure  7 (right panel), where we plot the value of the scalar field at the horizon (for which φ → φ 0 at infinity) as a function of φ 0 , for several radii R e . One sees that for all radii R e , φ e → 0 precisely when A → A c . At the critical point, (spherical) hairy black hole solutions cease to exist. Furthermore, we have verified there exists no asymptotically flat regular spherical hairy black holes in the regime A < A c where the PET holds. The left panel shows a potential (full line) that is unbounded from below, and on the verge of violating the PET for asymptotically flat solutions. The right panel shows how φ e changes, for four different values of R e , when one increases the height h of the barrier to its critical value h c = .3. The full line in the right panel corresponds to R e = 10, the dashed line to R e = 5, the dot-dashed line to R e = 2 and the dotted line to R e = 1. One sees that for all radii R e , φ e → ∞ when the height of the barrier reaches its critical value. For h > h c there are no regular asymptotically flat hairy black holes.
Next we consider a class of potentials that are unbounded from below
Here C > 0 is a free parameter which controls the height h = 4/27C 2 of the positive barrier that separates the negative region at small φ from the local minimum at φ = 0. We have seen in section 3 that the PET holds for asymptotically flat boundary conditions if h > h c = .3 In Figure 8 (left panel) we illustrate how the potential changes when we increase h towards its critical value h c . Integrating the field equations (4.2)-(4.4) for this set of theories reveals that the value of the scalar field at the horizon of regular asymptotically flat hairy black holes becomes infinitely large when h increases toward its critical valus. We illustrate this in Figure 8 (right panel) where we plot the height of the barrier as a function of φ e , for several radii R e . Furthermore, there exist no regular (spherical) hairy black holes for h ≤ h c .
A.2 Asymptotically AdS Black Holes
Now we turn to potentials with a negative local extremum, which can be used to specify AdS boundary conditions.
We consider again potentials of the form (A.1), but here we concentrate on the subset with A = 80. This includes a critical potential V c for B c = 43.6, which has φ 0 = .73 and Λ c = V c (φ 0 ) = −.88. In Figure 9 (left panel) we illustrate how V changes if we decrease B from B ≈ 46 (dashed line) towards its critical value B c (full line). The left panel shows a potential (full line) that is on the verge of violating the PET for solutions where φ asymptotically decays to the local AdS minimum at φ 0 . The potential that is given by the dashed line does not satisfy the PET for these asymptotic conditions. The right panel shows φ e as a function of Λ = V (φ 0 ), for four different values of R e , when one decreases Λ towards its critical value Λ c = −.88. The full line in the right panel corresponds to R e = 10, the dashed line to R e = 5, the dot-dashed line to R e = 2 and the dotted line to R e = 1. One sees that for all radii R e , φ e → 0 precisely when Λ → Λ c . There are no regular spherical hairy black holes where φ → φ 0 at infinity for Λ < Λ c when the false vacuum is stable.
In Figure 9 (right panel) we show, for several radii R e , the value of the scalar field at the horizon of regular spherical hairy black holes as a function of Λ. As before, one sees that φ e → 0 when Λ → Λ c . Furthermore, we find there are no regular (spherical) hairy black holes for B < B c when the AdS solution corresponding to φ = φ 0 is nonperturbatively stable.
To analyse the status of the no-hair theorem for potentials with a negative minimum at φ 0 that are unbounded from below, we consider
We have seen in section 3 that even a tiny barrier h c ≈ .04 is sufficient to stabilize the vacuum at φ = 0. Integrating the field eqs (4.2)-(4.4 we again find that φ e → ∞ if one raises the height of the barrier to its critical value h c . We illustrate this in Figure 10 (right panel) where we plot h versus φ e , for several radii R e . The full line in the right panel corresponds to R e = 10, the dashed line to R e = 5, the dot-dashed line to R e = 2 and the dotted line to R e = 1. One sees that for all radii R e , φ e → ∞ when the height of the barrier reaches its critical value. For h > h c there are no regular asymptotically AdS black holes with spherical scalar hair.
We have also discussed theories where φ approaches a negative maximum of V at infinity. Consider the following class of potentials (in d = 4)
where D is a free parameter. The scalar generically decays as φ ∼ α/r + β/r 2 at infinity. If one requires the scalar asymptotically behaves as φ ∼ r −2 , the PET holds provided D < 3/4. In Figure 11 (right panel) we show that the value of the scalar field at the horizon of regular spherical hairy black holes with α = 0 becomes infinitely large, for all radii R e , if one decreases D towards its critical value. Furthermore, for D < 3/4 the scalar always behaves as a combination of the two asymptotic modes. 2 ) for all φ e .
